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SOME ASPECTS OF NOISE ANALYSIS OF 
INTERFEFOMETER SPECTROMETERS 

This paper analyzes the appearance and distribution of 

noise on a spectrum obtained by a Fourier transformation of 

an interferogram which w&s the source of the spectrum and 

noise 

This is accomplished through a discrete formulation by 

use of sampling theory and statistical methods. 

consequence of this formulation, a noise comparison of 

conventional spectrometers and interferometers is readily 

obtained which verifies that Fellgett's advantage does hold 

for interferometers with non-background limited detectors. 

As a 
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p!J!RODUc?RON 

me purpose'of this paper I s  t o  analyze the e t a t i e t i ca l  character- 
L ,L ccsul 

I e t l t s  of noise sxiating en a spect$?wben the spec0rtrhe& been obtained 

by meess of a two-beam interferometer 'spectrometer. 

the distribution of noise associated with 8 spectrum obtained by a 

Fourier tramform of an interferogrem W i l l  be derived. Also, it will be 

shown that the use of 89 hrberferometel' spectrmeter hae a -y%-eignsl=to- 

fiz this analysis 

noise advantage cmr a comexrbional spectrometer when the detector used 

I s  non-backgrouxd'limited, W being the Diumber of resolvable epectral 

components. This advantage in sigml-to-noise &tio# ie-cuamnly referred 

t o  BB Pellgetf'r advwrtsgs. 
I 

THE l3fmEERoGm A.KD ITS TRANSFORM - 

md4v ,,Is the velocIty..of the interferometer miITor. Xur heterdchromatlc 

rediation the hrtekerence wgye becams8 
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. This 3xrknsity wave l e  incident on 8 detector; thw, I the  Output  of the 

detector is proportional t o  (1) I and $6 of the form 

(Io 

e(t) = c+ 5 d(w) COS ~x'cdt t Q(")l dw 
(2 1 a 

The right hand term of (2) is then essentially an electr ical  analog of 

the original  optical electr ic  f i e ld  strength scaled dawn in frequency by 

Intensity fluc-tuatiops do not OCCW, dl eystem parameters ar&(.iDear, and the  

pmper t i m e  origln--ie established. Phe de8ired spectrum is obtained froan the  

Fourfar transform of p non d-c te rn  Of the lnterferogrm equation (2), snd u 

the transform may be expressed as 

4 k  

do 3 Le (tI3 = E (to)"- . (3) 
i '  

where the first and second integrals transform the even 'and odd parte of 



. .pruvided t4st sampling theory is correctly applied, the formulas of 
' 
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i t  
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, ,' of this paper the diecrete formulation has severa l  advantage8 and will * 1 .  

, Fourier transformation epectroecopy may be expressed in a discrete form 

as well aa the more familiar integral representation. Rr the purpose 
I 

1 ,  

1 

therefore be used in the follawing andpis. - 
( d .  . .  

. ,  4 

Sampling Theory ehom (eee, f o r  exmple, Reference 3) that i f  a . 1  

' i*< function is tlme~limlted t o  T seconds (Le., the Function is zero et all 

points outside an interval T aeconds in duration) and contains negligible 

frequency components greater than B cycles per-secondl. then the 

(and therefore i t 8  Fourier trensforn) may be compl&ely determined,,by 2BT 

' % >  
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L L A L  Cec#GL\; W&U) 
i :  

Tion 
' I . .  .sample's taken in the time damain at in%ervals of 1/2E eecond8* o r  i n  the 
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quency damain a t  intervals of 1/l! cycles per second frcnS -B t o  +B. 
c* 

. t  If sqling the0 its -tion (1) aa i 

(4) 

i &/,i, y-- 
where 

-. Equation (2) decanes , .  

I ! E  
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. 1 I .  I .  
ett) = c c+-& d; cos emit 4di) , ( 5  1 i ;  
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Sever& obaervatime' ehould bd N e  at thi6 point regard t o  , I  

t 
' ' the g e n e r d t y  of (4) and ). First, owing t o  physical limitations of +he 

i i 

#a 
instrument, (4) holds onJy for B limited observation time 9. Hence, the 

true detector el& l e  $s etp(t)r,where 
I .  

, I  

b i -y2L,t6T/;1 * 
' e,it)=ett) ui+h "W.f ' (7) 

, ,  0 , e l ~ ~ ~ c v c L  

t . and e(&), is given by ( 5 ) .  Eowever, it mey be sham that the Fourier 

transform af the truncated wave may be obtained by multiplying the real 

1 - .  , .,' . .  
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Furthermore, the amplitude components, di, , of Equation (5) are 
p r o p ~ r t i o ~  t o  the el;iputudes e magnitude of the Fourier ' 1  

transform at the sezspling point i= a W i / T  &e., 
, a  

I 
I.* 

of the interference process and i t a  detection is one of canpressing and ' 

-1 . 
, I  ' translating the  spectrum of optical frequencies'into a wave, y(t), with 

4 

a spectrum of frequencies s a y  from 0 t o  B cps, which may be in the audio '. * 

, , .  . '  
I I - .  , , 

I -  . .  frdquency range. a i s  is accomplished by mapping the intensity pattern ' .' 
* .  1 1 

1 1 , I  

.I' . I ' of the optical interferogram in;tQ %te e lec t r ica l  representation eT(t). 
The I f  . . -  

e' ~ ". K point which require8 n then is, how good will IsE the  
, be, 

fl 
. representation of the  desired optical spectrum if It is obtained from 

the  Fourier transform of e$(t), which is both time-limited (T seC.) ,  

approximately band-limited '(B cps l  and represented by a discrete nuniber 

of independent terne. 

in th i s  paper, where it le shown that the number of resolvable components 

M, required to.represeEb the true 'bptical spectrum of a continuum of 

I ." 
8 

- 8  f v -  

The answer t o  t h i s  question will be given l a t e r  
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I ' . represented by ZBT independent data, acoording t o  sampling theory, i 
I 

I 

' !  
' *  . the surmaetions of (4) and' ( 5 )  coqletely'describe the desired optical 

,I 
' 'I 

. " $  , spectrum withip the resolution determined by q(t) when the source under 
I . 

a .  4 
' - . (  .' observation consiets of a continuum of frequencies. It qhould be noted 

4 .  
. I  

that BT independent amplitude data and BT independent phase data are 

required t o  coqpletely specify e (t) ,  but the phase Information is 

deleted in the computation of the p&r&tu&of the Fourier transform. 
5 

" 

I .  

TRANSFOFW!CION #OF ADDITIVE NORMAL DVTERFEROCRAM NOISE 
r, I 

As indicated h i h e  previous section, an interferogram is a time 

.. record whose Fourier tramsfom gives the spectral data of the observed 

source. 

transformat1on.i~ performed. 

Any noise in the time record is redistributed when the Fourier 
e 

There has been some confusion as t o  how , 

' a  
,. such a transformation pffects the noiee in the ;spectrum, as compared with 
. a  t 

' .  a conventional spehtrameter. In the following section it xil; be shown that, 
' .  . f  

' :  although the noise ie redistributed in a different form With different 
1 . 1  . I ,  

* s t a t i s t i c a l  parameters, .the signal-to-noise r a t io  per spectral element 

of a spectrum derived from an interferogram does exhibit Fellgett 's  ' 

~ . :  advantage . 
TO determine the  effect  on the spectrum of noise.appearing on the 

time function, first consider the noise probability density function and 

I ' .&ow it transform. In doing this ,  it Ku1 be necessary t o  assume that 

the process does not introduce additional noise pawer, 

is reasonable in practice, 'since the discrete formulation is possible by 

This assumption 
. .  

, 

1 

I 

I 

, .  ' e m l i n g  theow, .thue allowing the Operation t o  be performed by, a d ig i t a l  

$ * computer p r o g r m .  
' +  

'. ' 
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Due t o  detector noise (ref.  4, 5 )  every amplitude sample of the 
I 

interferogram &&t) w i l l  be measured with some uncertainty, say 

€ i fo r  the  ith sample. Then the resul tant  interferogram w i l l  be ~ 

I 

where &fit) i s  the  true signal and e(t) is  the  noise, o r  i n  a 

sampled form 

Assume that the random noise 

dis t r ibut ion with zero mean. 

w i l l  include a l l  random normally dis t r ibuted noise that  i s  

@$t) belongs t o  a normal probabili ty 

T h i s  s t a t i s t i c a l  characterization 

additively superimposed on the  t rue interferogram. t 

The probabili ty density function fo r  aw e r r o r e i  is  given by 



4 , .  

. : For a given frequency ((W) 3.6 a weighted sum of a l l  .the 6 i so that by 

the use of the central limit theorem (reference b ) it can be shown.Zor 

large BT that the randm variables a and p tj,re independent and the 
I .  .I. 



independent and consequently ie not a Function of frequency. &e P 
! 

Fucthermore, the jolxrt dietributian of a and p is the bi-variate normal 
J / I I  

. distribution 2 ,  
1 ,  

, .  ' 
3 These eqressiom describe the Statistical behavior of noise alone 

irrespective of the true eignal, but these famulatione readily permit 

i 
I !  

I .  

, .  
0 8 .  the characteriza&n of the traneforaed noise superhpoaed on the true 
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.From (8) and (16) the spectrum of intenrrity taa a function of 

' , beCOm126 for the general caae ' I .  

frequency 

(17) 
I 

a . '  ' 
' . The probability distribution' of the variable , xhkre the transform 

of the noise l e  described according t o  (15)  will be representative of the 

wey the noise 1s distributed wer the spectrum. ' 

For each eanrgle, a (dk) and b (uk) are fixed, and \"_E,"\ can I 

! 
I (  

,I. 

, I  

* *  
I 

With the change of 'pariable6 p-, {)(: 

then d g & =  rdrde , 
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(Reference i )  wheze M ie a confluent hypergetmetric m i o n .  

and for. 

and 
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The expression (20) represents the probability Bistribution of the I C  . .  
. *  , 

.' amplitudes of the spectra which includes the'true epectnua and the super- , 
I '  

I 
' *  , 
p '*. ' ' 
i 

I 

* *  
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(any sample i n  the frequency domain) is  dependent upon the 

. .  

For purpose of interpretation (20) can be closely approximated 

i n  two particular cases: Flrst f o r p =  0 and for  small p over the 

range of rdLp, then 

and . 
(26) p(v),dr - ly' =v { - S I  r r v -  

This  i s  the Rayleigh distribution presented i n  normalized form i n  

Figure 1 with p/q = 0.  The significant point i s  tha t  the 

distribution fo r  zero signal i s  not centered about zero. In fact  
t 

the peak for  the Rayleigh distribution occurs a t  r = . The 

first and second moments are given by ( 24) as i s  shown i n  

Figure 1 by the curve-for 

Consider the second case where the amplitude of the true 

spectrum i s  large compared t o  

z from the ser ies  form of (21) Io(z) 

(20) can be approximated by 

, i .e., ,& 7 7 ? . For large 

e x2n3] %, SO that  

I ( r a f & A ) ] ,  V p - { $ ] d i  
plr)  d P !Zpa eyP {-%a ( a .eL) va 

which f'urther closely approximates a normal distribution 
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Equaticn (20)and ita approximation (27) characterize the  stati ist ics 

02 the transTom of t ie  irrberfeEo@mi i&iic&k, iiiial-iee gfgciil p h  nemsl 

(Gaussian) noise. Now a cornparism of interferometers and conventional 

spectrometers w i t h  respect t o  emom caused by normal (Ckusslan) nobe  -. The onlpnojCie3whhchoWabdconsidered .As. that which orif$- 

nates i n  the detector. 

t 

C?H be w&. 

1 

Deteco*or noise is generally ascribed to ' two soyrces; that which is 

in t r ins ic  in the  detector itself and t h a t  which is generated in the  detect- 

o r  by the  s ta t i s t ica l  fluctuations of t h e  inclddnt photons. Detectors 

whose in t r ins ic  noise iS less than that due t o  incident photon fluctuat- 

ion  are known either as photon limited o r  back*ond limited detectors. 

I n  the  case of the conventional spectrometer t h e  signal t o  noise ratio11 

is not a function of the  source of the detector noise. 'his i n  not the 

case however, f or-the interferometer apectromster. 

. 

, . '  

If the  interfere- 

meter detector b backgraund-limited the,  detector sees simultaneously, 1 

the total  radiation from aU'of the  spectral  elements while the  detecta. 

of the conventional spedrokter is affected only by the radiation from a 

Thw, t h e  b%e&fcinometer detector noise is M tiners 

Only the non-background-limited deted,ors will be comidered at 

one spectral  eiement. 

greater. 

t h i s  time, with the background-Umitod detectors being treated later. 

The former class of detectors b both$, large and important, being as all 

detectors Used in the ' inframd s p a  

4 

. . 
I 

1 region are considered t o  be non- 
t 

background limited. I 

TO compare the 'noise  errom of'a oonventional and interferometer 

spectrometer it is necessary t o  assume the same scan time, T, for the  

conventional sp&nrmeter'?s f o r  &3 kterferomter and the 88me number 
7 i i s  I 

owed for the ' I of resolved spa 
7 

b 
. 



. .  

measurement b f  each resolved spectral element b VB and the required 

bandpass is approximately B cycles p r  second. 
%er"c.COrd, 
%ew>the nobe can be 

If;;iited t o  a kindwidth of a and the probability distributir,n nf t h e  

noise is chhracterized by the same ~2 as used In eqatidn (11). 

the amplitude error per spectral element' for the conventional case obeys 

the s tat i s t ics  e x p d s e d  &y'(?). ALo, one may write i n  an analogous 

manner t o  (lo) Si" Si+ e i whsre Si ia the true signal amplitude and 

?"nus, 

I 

&e , is the suprimp.osed nobe errof. Hence, fornstatbtical represontat- 

ion €ur each sample (amplitude) Si the true signal Si =pi is f jxed and 
3 

t 

! 



14 

and in particular (28) and ( 2 9 )  for large signal values. The 

-*---J - 
VucLtLilce indicates the spread of the distribution and the smaller 

the variance the more peaked the distribution becomes. From (18) 

Hence it can be concluded that the amplitude noise error per spectral 

element for the interferometer belongs, with a given probability, 

to a smaller amplitude range. That is, the time domain amplitude 

errors are redistributed into amplitude errors in the frequency 

domain where the most probable amplitude range has been decreased. 

This is illustrated in Figure 2, where arbttrarily BT was chosen to 

be 100. Later it will be shown that BT is the ntrmber of resolvable 

components in the spectrum. 

On the basis of these results, the noise power8 per spectral 

element8 for the conventional spectrometers and the interferometer v 

can be computed and compared. Any computed spectral amplitude 

is of the form 

and the corresponding true amplitude is 2 [aa-+ b )  L Y& 
7- 

The mean square error < (P-MI’)is then the average noise power, 

- 2 ( Y ) U + M Z  
N12, which mqq be expressed as 

using equation (23), 



I n  the time record the q l i t u d e  nohe  power wae$. Since the same 

additive noise  occur^ directly ox the spectrum 6f the conventional case, 

then-* ie t he  a'crerqe noise power per spectral element aeelmclng the same 

scan time I! rrnd baawidth B fa both caseg. 

t 

I 

It i e  deeirea now t o  prcrye t h a t  BT i e  equal t o  MI .where M is the 

number of Bpectral componente that  en lnterferameter i e  able t o  resolve. 

Suppose tha t  a source &*e energy 03 k o  frequencies fl and f2. Zlhe 

h te r f ewne te r  prod(uce8 en.mtp* whos~Fourier tranefom 16 of the form 
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5 

of one coincides with a first zero of the other. In the above 

exaqle, then, the frzcpncies fl and f, are resoivable if - 
qf= I -'a] = 1, If the spectral range of the source is from 

T '  
fa3 to f,,j and the resolution is 6f , then the ntmiber of 

P A  - t b  - +c( distinguishable independent spectral elements is M - 
d f  

In the frequency mapping of the interferometer f b  ~ f L  8 6$ 2 J- 
T 

so that M = BT. Thus, from (29) the noise voltage for an inter- 

ferometer is 

From this it may be seen that the noise voxtage of an interferometer 

is l/@imes the noise voltage for a spectrometer. 

signal levels are the same for both, this results in a msignal- 

Since the 

to-noise advantage for the interferometer, which has been called 

Fellgett's advantage. 

limited detectors. 

This advantage holds for non-background 

If the detector is background limited then 

the mean rate of photons <Ir) incident on the detector and therefore 

the noise powerd is M times as great for the interferometer as for 

the conventional spectrometer. Thus, (32) for interferometer 

noise voltage becomes NI = rand Fellgett's advantage is 

cancelled. 



The probability distributions which govern the noise 

superimposed on the signal for both the interferometer and conventional 

t 

spectrometer are derived and compared. For interferometers, the 

variance, and hence the spread of error amplitucles per spectral 

element, is less than for the same time observation and same 

resolution for the conventional case. Wthermore, the noise 

power in the spectrum is shown to be dependent on the signal, 

I 

a 
and varies from 2 2  to approximately 

M 
and hence the 

signal-to-noise voltage ratio comparisons show an advantage of I 

from mto approximately m f o r  the interferometer , 
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